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1. Introduction 
An n-knot K is a smooth submanifold of a homotopy (n + 2)-sphere ,~,n+2 which 
is homeomorphic to the n-sphere S n. The fundamental group ~zl(Zn+2-K)of the 
complement is called the group of K. 
Let H=(S:R)  and C be groups, and let ~1, ~2 be monomorphisms of C to H. 
Then the Higman-Neumann-Neumann extension (HNN extension) of H with 
respect to ¢~1,0~2 is the group defined by 
G=(S,t :R,t-lq)l(C)t=q~2(c) for all c~C). 
(cf. [7], [15].) The group H is called the base of G, and 001(C), q~2(C) are called the 
associated subgroups. We denote the group G by HNN(H, C, q~l, q~2)- By [7], we can 
regard H as a subgroup of G under the obvious homomorphism. 
We will consider expressing an n-knot group G as an HNN extension of a finitely 
presented group. Of course, since G/G' is infinite cyclic, it is obvious that G is 
always expressed as an HNN extension of the commutator subgroup G', i.e., the 
infinite cyclic extension of G'. However, in general, G' is not necessarily finitely 
presented. We now need to describe the relationship between HNN extensions and 
minimal Seifert manifolds of n-knots. 
Let K be an n-knot. Then there exists a compact orientable submanifold Vn +l 
in £ "÷2 such that aV=K [12]. This is called a Seifert manifold for K. Let Y be the 
(n + 2)-manifold obtained from X n+2 by cutting along V. Then Y is a compact 
manifold with boundary a Y= VIU V 2, where V 1, V 2 are two copies of V with 
V1N V2=OVIOOV2=K. Let vi: V~ ViC Y, i= 1,2, be the compositions. If both of 
the induced homomorphisms vi.: zq (V)--, rq (Y), i = 1, 2, are monomorphisms, we
say that V is a minimal seifert manifold for K. 
Thus, if V is a minimal Seifert manifold for K, then the group of K can be given 
by an HNN extension HNN(rq(Y), rtl(V), vl., v2,), of which base ztl(Y) is finitely 
presented. On the other hand, it is known that any n-knot (n ~ 2) has a minimal 
Seifert manifold [5], [16]. Thus, for every n, we can see that any n-knot group has 
a finitely presented base. (Note that every 2-knot group is a 3-knot group.) 
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In this paper, we will investigate n-knot groups with finitely generated abelian 
bases. If the commutator subgroup of an n-knot group G is abelian, then G has a 
finitely generated abelian base [19]. Thus the class of n-knot groups with finitely 
generated abelian bases includes all n-knot groups with abelian commutator sub- 
group. For the classical case, it is not difficult to see that the group of the trivial 
1-knot (-=Z) is the only 1-knot group with finitely generated abelian base. In 
Section 3, for n > 3, we give a criterion for a group with finitely generated abelian 
base to be an n-knot group. Using this result, we will group-theoretically determine 
finitely generated abelian bases of n-knot groups (n_> 3). In Section 4, we study the 
case of 2-knot groups. It will be shown that if a base of a 2-knot group is finitely 
generated abelian, then it is isomorphic to Z~, Z~ZO)Z or Zt~Z~, where a and 
A are positive odd integers. In these groups, it is unknown if Zt~ Z~ (A #: 1) can be 
realized as a base of a 2-knot group. On the other hand, each of the other groups 
can be a base of a 2-knot group. These results in Sections 3 and 4 will be proved 
by generalizing the case of n-knot groups with (finitely generated) abelian corn- 
mutator subgroups [6], [14], [19]. 
Finally, we will consider nonfinitely generated abelian groups which can occur as 
commutator subgroups of n-knot groups (n >_ 3). In general, it remains open to 
classify group-theoretically such groups. In Section 5, we will give a complete deter- 
mination of the case torsion-free rank = 1 or 2. 
2. Preliminaries 
Let X be a group. By T(X), we denote the set of all elements of X which have 
finite orders. If T(X) is a subgroup of X, we denote the factor group X/T(X)  by 
F(X). (Note that if T(X) is a subgroup, then it is a normal subgroup of X and F(X) 
is torsion-free.) For a subset S of X, we denote the normal closure of S in X by S x. 
Let, A be an abelian group. By the torsion-free rank r(A) of A, we mean the dimen- 
sion of the vector space A ® Q over Q, where Q is the field of rational numbers and 
® denotes the tensor product over the integers Z. Similarly, for a prime p, the/7. 
rank rp(A) of A is defined by the dimension of the vector space T(A)®Fp over Fp, 
where Fp is the field of order p. The second exterior power A2A of an abelian 
group A is given by A®A/D,  where D=(a®a, aeA)  [2], and we Write alAa2 for 
an element al ® a2 + D of A2A. 
Let 1 ~R~F~A~ 1 be a presentation of an abelian group A. From [9], the 
second homology group H2(A) of A is given by R N [F,F]/[R,F]. Now, since A is 
abelian, we have [F,F]CR, and therefore H2(A)=[F,F]/[R,F]. Hence A2A and 
He(A) are isomorphic under the mapping f(a I ^  a2) = [al, a2] [R, F], where ti 1, a2 e F 
represent al , a2 e A respectively [18]. 
If A 1 and A2 are abelian groups and0 is a homomorphism of AI to A2, then we 
denote by A 2 0 the homomorphism of A2AI to A2A2 induced via ¢. 
Let A be a free abelian group of rank n with a basis xl, . . . ,  xn. Then the second 
Knot  groups  whose bases are abel ian 323 
exterior power A2A of A is a free abelian group of rank n(n-  1)/2 with a basis 
x1AX2, X1AX3,...,x1Axn,...,Xn_IAX n (cf. [2]). Let 0 be an endomorphism of 
A and M the matrix of 0 with respect to the basis x~,..., x,. By the second ex- 
terior power A 2 M of M, we mean the matrix of A 2 0 with respect to the basis 
xIAX 2, . . . , Xn - l A Xn • 
Let G be an HNN extension HNN(H, C, ¢1, 02). Then G can be considered as a 
semi-direct product H G × ~ Z, where ¢~ is the automorphism of H a induced by con- 
jugation of t ~ G. Thus Hq(HG), q = 1, 2, naturally have (left) A-module structures, 
where A =Z[t, t -~ ]. If G is the group of some n-knot K, then we have H G = G', and 
the A-module structure on Hq(H G) coincides with the action induced by covering 
transformations of the infinite cyclic covering space of the complement 27 n +2_ K 
(cf. [14], [19]). 
Let M be a A-module. Then the A-module structure of the second exterior power 
AEM is defined by t (xAy)=txAty for any x,y of M. By 37I, we denote the con- 
jugate module of M, i.e., A:/is isomorphic to M as an abelian group, but t acts on 
371 identically with t-~ on M. A A-module M is said to be of type K if it is finitely 
generated as a A-module and t -  1 induces an automorphism of M. Note that if M 
is of type K, any submodule or quotient module of M is also of type K. 
By ( -  : - )  and ( -  : - [A  ), we denote a group presentation of a group and a A- 
module presentation of a A-module, respectively. For groups G~, G 2 and a subset 
S of G1 * G2, we write (G l, G 2 : S) for the group G1 * GE/R, where R is the normal 
closure of S in G1 * G2. 
For n_  3, by Kervaire's characterization for n-knot groups [11], we will refer to 
an n-knot group as a 3-knot group. 
In the remainder of this section, we will show some propositions. 
Proposition 2.1. Let G = HNN(H, C, 01, ~2) with Hfinitely generated abelian. Then 
the A-module HE(H 6) is presented by 
A 2 C®A d~ Lk 2 H®A-*  H2(HC)-*O, 
where d = A 2 01 (~) t - A 2 ~2 (~) 1. 
Proof. Since H, C are abelian, we have H2(H) - -A2H and H2(C) = A 2 C. Thus, 
from [5], we obtain the exact sequence of A-modules 
d d' 
. . . - ,A2  C@A ~A2H@A- -~H2(HG) -*CQA ,H®A ~. . .  
where d '= 01 ® t - 02 ® 1. Now, since 01 and 02 are one-to-one, so is d'. This com- 
pletes the proof. 
Proposition 2.2. Let G = HNN(H, C, 01,02) with H finitely generated abelian. Then 
G is a 3-knot group if and only if  it satisfies the following: 
(i) H 1 (H G) is a A-module of  type K, and 
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(ii) /-/2(/-/°) is a A-module of type K. 
Proof. Since H and C are finitely presented, G is also finitely presented. Moreover, 
since H is abelian, we can easily see that HI(G)=Z if and only if {t}G= G. Thus, 
from [14], we obtain the proposition. 
Proposition 2.3. Let G = HNN(H, C, ~1, ~2) be as above. Then G is a 3-knot group 
if and only if 
(1) ¢1 - ¢2 : C~H is bijective, and 
(2) A 2 ¢h-  A 2 ~2: A 2 C ~ A 2 H is bijective. 
Proof. Since H, C are finitely generated abelian, by [1, Theorem 2.12], we obtain 
the exact sequence 
A 2 ~l- A 2 ¢2 
....-,A2C . ,  ,A 2H i*,H2(G) C H 
(2.1) 
where i. is the homomorphism induced by the inclusion of H to G. Thus, we can 
show that G satisfies (1) and (2) if and only if HI(G)=Z and H2(G)-=-0. Now, 
since HI(G)--Z if and only if {t} c= G, this completes the proof [11]. 
3. Three-knot groups with abelian bases 
In this section, we will consider 3-knot groups whose bases are finitely generated 
abelian. First, we will begin With some definitions. 
Let M be a finitely generated A-module. Then, for each prime p, we may consider 
M®Fp as a finitely generated Ap-module, where Ap =A ~Fp. We will denote by 
A(M(~Fp)EAp the order of M®Fp, i.e., a generator of its order ideal. This is 
well-defined up to units. A polynomial Aft)~ A v is said to be p-asymmetric if the 
greatest common divisor of Aft) and Aft - l)  is either 1 or t + 1 [14]. If p = 2, we only 
allow 1. 
Let G be a group HNN(H, C,~1,~2) with H finitely generated abelian. By 
~/r: T(C)--* T(H) and ¢Jw:F(C)~F(H), i = 1, 2, we will denote the restriction of ~i 
to the torsion part T(C) and the homomorphism of F(C) to F(H) induced via ~i, 
respectively. 
If HI(H 6) is of type K (i.e., HI(G)=Z), then it follows from (2.1) that 
¢h-  ~2:C- - 'H  is an cpimorphism. Thus, we have r(H)<_ r(C) and I T(H)[<_IT(C) [. 
Therefore, since ¢~i: C~H is a monomorphism,wc see that 
r(H) = r(C), ¢Pl (T(C)) = T(H) = ¢~2(T(C)) (3.1) 
and C is isomorphic to H under the homomorphism ¢1 - ~2. Thus G is presented 
by 
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(al,. . . ,am, t" t-la~ 't= l-I a:~[ai'ak]= 1, 
j= l  
n+ l = . . . .  am = 1, 1 <_i, k <_m), (3.2) 
where al, ..., a,, (n = r(H)) represent a basis of the torsion free part of H and 
an+J,.", am represent generators of the torsion part of H. Let 
M 1 = -.. 
t~n 
and  m2=(i~ij)l<_i,j<_n. (3.3) 
Then, since 0i are monomorphisms, we get 
Det Mi = Det OiF :/: 0, i = 1, 2. (3.4) 
Moreover, by the torsion theorem for HNN extensions [15], we can see that 
T(G)= T(HG)= T(H). 
Concerning 3-knot groups with abelian commutator subgroups, Levine and 
Weber have obtained the following result: 
Theorem 3.1 (Levine-Weber [14]). Let G =H x~ Z be a finitely presented group 
with H abelian. Then G is a 3-knot group if and only if A(H®Fp) is different f rom 
zero and p-asymmetric for all primes p. 
We will extend this theorem to the following: 
Theorem 3.2. Let G = HNN(H, C, 01,02) with H finitely generated abelian. Then G 
is a 3-knot group if and only if (1) A(HI(HC)®Fp) is different from zero and 
p-asymmetric for  all primes p, and (2) (Det 0IF, Det 0ZF) = 1. 
Remarks. (1) From [19, Proposition 3.1], we see that H e is abelian if and only if 
01(C) =H or Ù2(C)--H, i.e., Det ¢hF = +1 or Det 0~= +1. (Furthermore, H G is 
finitely generated if and only if Oi(C)=H, i= 1, 2.) Thus, when H e is abelian, we 
obtain the condition (2). 
(2) The condition (2) of Theorem 3.2 is important in case H e is not abelian. For 
instance, let H, C be free abelian groups of rank 2 and 01,02 the monomorphisms 
of C to H defined by matrices 
= 1), 
M1 (10 ~)and M2=(~ 1 
respectively. Then we have A (t) = d (H 1 (H e) ®Fp) = Det(t. Ml - M2) = 2t 2 - t - 2 
for every prime p. Therefore G satisfies (1) because 
- (2t + 1)A (t) + (2t 3 - t2)A (t-1 ) = 4. 
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On the other hand, since ]Det C/I = 2 (i = 1, 2), G does not satisfy (2). 
To complete the proof of Theorem 3.2, we will show some lemmas. Let G-- 
HNN(H, C, Cl, C2) with H finitely generated abelian. 
Lemma 3.3. Let GF = HNN(F(H), F(C), elF, C2F) and 
Gr = HNN(T(H), T(C), Clr, C2T). 
I f  G is a 3-knot group, then GF and Gr are also 3-knot groups. 
Proof. Since C=F(C) G T(C) and H=F(H)~ T(H), we have 
H2(C) -  = A 2 F(C)O)(F(C)® T(C))~ A2 T(C) 
and 
H2(H) -= A 2 F(H)~)(F(H)@ T(H))~ A2 T(H). 
Therefore, using the fact that C!--C2 and A 2 C! -  A 2 C2 are bijective (Proposi- 
tion 2.3), we can easily show that Olaf- C2T, elF-- C2F, A 2 CIT-- A 2 C2T and 
A 2 C IF -A  2 C2F are all bijective. Thus the lemma follows from Proposition 2.3. 
Remark. The group GF is isomorphic to F(G). 
Lemma 3.4. I f  G is a 3-knot group, then (Det CIF, Det C2F) = 1. 
Proof. By Lemma 3.3, we may suppose that H is torsion-free (i.e., Ci=CiF). If 
Det CIF= _+1, then the assertion is obvious. Hence we assume that Det ClF~:+I. 
Let p be a prime such that p lDet Cir. In (3.2), we can take ai such that aylaj+ l, 
j = 1,..., n -  1. Thus we have 
an =-0 mod p. 
Let ¢~j ( j  = 1, 2) be the homomorphism of C®Fp to H®Fp given by Cj® 1, and let 
Ci=Ci(~l E C@Fp, i= 1, . . . ,n, where {cl, ...,cn} is a basis of C such that el(c/)= 
olia i. We will show that ~2(~i), i= 1, ..., n, are Zp-linearly independent in H®Fp. 
Suppose that 
n 
Y~. // i~2(Ci)=0, where O<_#i<p. 
i=l 
Since OiA 0n, i= 1, ..., n -  1, are Zp-linearly independent in A2(C®Fp) (cf. [2]) and 
A z ¢h-  A 2 Cz is bijective (Proposition 2.3), it follows that (A z ~1-  A 2 ~2)(C'iA~'n), 
i= 1, ..., n -  1, are Zp-linearly independent in A2(H®Fp).  On the other hand, we 
have 
n-1 n- I  
#i(A a ¢~1- A2C~a)(~tA~n) = ~ ~(a~at® 1Aana,,® 1 - ¢~2(~i)^¢~2(~n)) 
i=1 i=1 
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= -- fli~)2(¢i)A~)2(Cn) 
i=1 
-- - ~ iqh(c i  A 2 (G)  
i=l 
=~,,62(G)A62(G)=O. 
This shows that fq = 0, i = l, ..., n - 1. Hence we get/~n02(O,) = 0. Moreover, since 
(~-(/)2)(On)=ana,®l-~2(On)=-(/)2(~.,,), and 0~-02 is bijective, we see that 
~2(On)~0. Thus, we have /1,,=0 because H®Fp is Zp-torsion-free. Therefore 
~2(~i), i= 1,...,n, are Zp-linearly independent in H®Fp. This means that 
Det ~2F~0 modp. Thus we have (Det OlF, Det 02F) = 1. 
Lemma 3.5. I fHl(H G) is of type K and (Det $lF, Det O2F) = 1, then A2(HI(H G) @ 
Fp) is A-isomorphic to H2(H°)®Fp, where p is any prime. 
Proof. Without loss of generality, from the condition (Det ~lF, Det @2F)= 1, we 
may assume that Det ~2F~0 mod p. 
Let C= C®Fp and It=H®Fp. Then, from (3.2), we obtain a group presenta- 
tion of HI(HG)®Fp 
(ftj" ~,,j+,(Oj)=~2j(Oj), [x, y] = 1, (Oj ~ Cj, x e lClj, y eflD, j, k=0, +1, ... ), 
where (~j,/4j are copies of 1~,/-I, and ~l,j + 1" Cj --*/~y + l, ~2~" Cj ~/4j are homomor- 
phisms corresponding to 01 @1" C--,/~ and ~2®1" (2-*H. Now, since Det 02F~ 
0 mod p, it follows from (3.1) that {r~zj} are isomorphisms. Thus we can consider 
HI(Ha)®Fp as a direct limit of a direct system {/4j, cI)ij} relative to the set of in- 
tegers, where { cI)ij"/4j ~/~i, i > j  } are homomorphisms defined as follows: 
, ) l* . . .  
°" -~Hj - |  ¢l)j,j_l )H j  ~bj+l, j /~J+| (~j+2,j+l /-/j+2 "-~' 
Hence, by [2], we have as an abelian group 
A2(Hl(Ha)@Fp)=li_m A 2 
=(A  2/~j: A 2 61,j+I(Xj)-= A 2 62j(xj)(xj~. A 2 C'j),j = 0, +1, ...). 
Since the A-module structure on A2(HI(HC)®Fp) is given by isomorphisms 
A 2/tj ~ A 2/-Ij+ l, the lemma follows from Proposition 2.1. 
Proof of Theorem 3.2. Using Lemmas 1 and 3 of [14, p. 271] and Lemma 3.5, we 
can show that, under the condition (2) of Theorem 3.2, (1) is equivalent to Hi(H c) 
being of type K, i = l, 2. Thus, by Proposition 2.2, (1) and (2) imply G being a 3-knot 
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group. Conversely, the necessity follows from Proposition 2.2 and Lemma 3.4. 
Next, we will give a group-theoretic characterization for finitely generated abelian 
bases of 3-knot groups. In [6], Hausmann and Kervaire showed the following: 
Theorem 3.6 (Hausmann-Kervaire [6]). Let H be a finitely generated abelian group. 
Then H can be realized as the commutator subgroup of a 3-knot group if and only 
if H satisfies the following: 
(1) r(H)#: 1,2, 
(2) 0r(2 i) :~ 1, 2 for any i, and 
(3) Qr(3 i) :~ 1 except for at most one i, 
where 0r(p i) is the number of  factors isomorphic to Z f  in the p-primary com- 
ponent of  the torsion part T o f  H. 
More generally, we can determine finitely generated abelian bases of 3-knot 
groups as follows: 
Theorem 3.7. Let H be a finitely generated abelian group. Then H is a base of  a 
3-knot group if  and only i f  H satisfies the conditions (2) and (3) in Theorem 3.6. 
Proof. The necessity follows immediately from Lemma 3.3 and Theorem 3.6. We 
will prove the sufficiency. If r(H):~ 1, 2, then there exists a 3-knot group G whose 
commutator subgroup is isomorphic to H (Theorem 3.6). Thus we may consider the 
commutator subgroup as a base of G. For r(H)= 2, the proof will be given in 
Theorem 5.1(B). Therefore, we suppose that r(H)= 1. Let T= T(H). By [6] (or 
Theorem 3.6), there exists an automorphism ~T of T such that HNN(T, T, 1 T, ~r) 
is a 3-knot group. Then, from Theorem 3.1, dp(t)=A(T®Fp) is different from 
zero and p-asymmetric for all primes p. Let G be the HNN extension of H given by 
(H, t : t-laVt = a v+ l, t- lxt = er(x), xe  T), 
where a is a generator of the torsion-free part of H and v is the cardinality of T. 
Then we see that A(H l (H6)®Fp)=(vt - (v+ 1)). Zip(t). Therefore we have 
~-1 .  Ap(t) if ply,  
A(HI (H6)®FP)=( . (vt - (v+ 1)). 1 if p~v.  
Thus A(HI(H 6) ®Fp) is different from zero and p-asymmetric for every prime p 
because 
- (v t -  (v + 1)) - t(vt -1 - (v + 1)) = t + 1. 
Since (v,v+ 1)= 1, it follows from Theorem 3.2 that G is a 3-knot group. 
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4. Two-knot groups with abelian bases 
In this section, we will investigate 2-knot groups whose 
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bases are finitely 
generated abelian. The finitely generated abelian commutator subgroups of 2-knot 
groups have been determined as follows: 
Theorem 4.1 (Hillman [8], Levine [14]). Let H be a finitely generated abelian group. 
Then H is the commutator subgroup of  a 2-knot group if and only if H is isomor- 
phic to either Z G Z O Z or Za, where a is an odd integer. 
We will prove the following: 
Theorem 4.2. I f  a 2-knot group G has a finitely generated abelian base H, then H 
is isomorphic to one of the groups listed in Theorem 4.1 or Z @ Za, where ;t is an 
odd integer. 
Remark. More precisely, we can show that G is isomorphic to one of the following 
groups: 
(a) H=Z~; G=(a, t : t - la t=a- l ,a  ~= 1), where a is an odd integer, 
(b) H=Z~Z~Z;  G=(al,a2,a3,t't- lai t= H~=la~ °, [ai, ak]=l, l<_i,k<__3), 
where Det(flij)= 1 and Det(I-(f l i j ))= +_1 (I is the 3 × 3 unit matrix), 
(c) H=Z~Za;  G=(al,a2, t" t-la~t=a~ +l, t-la2t=a21, [al, a2] = 1 =a2~), where 
v and 2 are positive integers such that v2+(v+ 1)2--0mode/and 2 =;t'p~' ...p~k 
(ij>__0) for prime factors pj (:~2) of v(v+ 1),j= 1, ... ,k. (Note that (v(v+ 1),;t') = 1. 
If v> I, then G' is not abelian.) 
Each group in the list except he case 2 > 1 of (c) can be realized as a 2-knot group. 
In fact, the groups in (a) and (b) have finitely generated abelian commutator 
subgroups. In the case ~. = 1 of (c), they are groups of certain ribbon 2-knots in the 
4-sphere S4. On the other hand, it still remains open whether for the case ~ ~: 1 the 
groups in (c) can occur as 2-knot groups. - 
Before proving the theorem, we will give some lemmas. Let G= 
HNN(H, C, ~ ,  02) be a 2-knot group with finitely generated abelian base H. 
Lemma 4.3 (Levine [14]). The A-module H2(G') is a A-homomorphic image of 
Ext~(Hl(G'), A). 
From this lemma and [13], we immediately obtain the following: 
Lemma 4.4. The A-module F(H2(G')) is a A-homomorphic image of 
ExtI(F(HI(G')),A) 
From (3.2) and [13, p. 44], the A-module F(HI(G')) is presented by 
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( n ) 
al,..., an" taiai = ~ flijaj, i = 1,..., n I A , (4.1) 
jffil 
where n = r(H). Therefore, from (3.4) and [3], we have r(F(H l (G')))= n. Let F* be 
the A-module presented by 
I al'' ' ' 'an'totiai=j=l ~ fljiaj'i= l ' " "n [A / "  (4.2) 
Then we will prove 
Lemma 4.5. Extl (F(HI(G')),A) is A-isomorphic to F*. 
Proof .  From (4.1), a free resolution of the A-module F(HI(G')) is given by 
t~F-~ 
O~An )An~F(HI(G'))~O, 
where A n is the free A-module with a basis {al, ... ,an} and ¢1F, ¢~ are A-endo- 
morphisms of An defined by ¢~F(ai)=t~iai and dp~(ai)= F.~.= 1Piyay, i= 1, ..., n. 
Then, in the same way as in the proof of [19, Lemma 3.3], we can show the lemma. 
Lemma 4.6. Let n=r(H). I f  n<_l, then we have F(H2(G'))=O. I f  n>2, then 
F(H2(G')) has a k x k square presentation matrix t. A 2 M1 - A 2 M2, where Mi is the 
matrix of elf given in (3.3), and k=n(n-  1)/2. 
Proof .  Using the argument of [13, p. 44], we can obtain a A-module presentation 
for F(H2(G')) 
O~ A2 F(C)®A d~ , A2 F(H)®A_~F(H2(G,))~O ' 
where dp= A 2 ¢1F<~ t -  A 2 ¢2F® 1. This completes the proof. 
Lemma 4.7. The torsion-free rank of  F(H2(G')) is equal to n(n-  1)/2. 
Proof .  From (3.4), we can see that Det A2Mi :/:0, i= 1,2 [2]. Thus the lemma 
follows from Lemma 4.6 and [3] (cf. [19, Lemma 3.5]). 
Lemma 4.8. I f  n = 1, then we have 
I~_ 1 if (t~lPl l ,P)  = 1, 
rp(H2(G')) 0 if (t~lP11,P):/: 1. 
Proof .  When n = 1, it follows that t~l-]~11 =-+ 1 and ~lflll :#0. Thus we can show 
that F* ® Fp ( -- (al : t- l al al = Bll al, Pal = 01A)) is isomorphic to Fp or 0 according 
as (t~lf l l l ,p)=l or (a lP l l ,P)~: l .  On the other hand, from Lemmas 4.3 and 
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4.5, there exists an epimorphism of F*®Fp onto H2(G')®Fp. Thus, we have 
rp(H2(G'))_< 1. In particular, if (a l ,S l l ,p)¢ 1, then rp(H2(G')) must be zero. 
Proof of Theorem 4.2. Let n = r(H). Then, from Lemmas 4.4, 4.5 and 4.7, we have 
n>__n(n- 1)/2. It follows that 0_<n_<3. If n=0,  then G' is a finite abelian group. 
Hence, from Theorem 4.1, H ( = G') is isomorphic to Z~, where a is odd. Suppose 
that n=2,3.  Let Al(t) and dE(t ) be generators of the order ideals of .#* and 
F(HE(G')), respectively. Then, from (4.2) and Lemma 4.6, we have A l(t)= 
Det(Ml - t .  trM2) and d2(t  ) = Det(t. A 2 M l - A 2/]//2)- Since F(H2(G') is a A-homo- 
morphic image of F*, the polynomial A l(t) must be contained in the order ideal 
of F(H2(G')). Therefore there exists a polynomial h(t) of Z[t] such that 
A l(t) = h(t). dE(t). 
Comparing the leading and terminal coefficients in both sides of this equation, we 
see that Det A 2 M11Det trM 2 and Det 2 /k ME[Det MI. Thus, since Det A 2 Mi = 
(Det Mi) n- 1, n = 2, 3, [2], we have 
(Det Ml)n- 1 ] Det ME and (Det M2)"- 11Det M1. 
If n = 2, then we get Det M 1 = _+Det ME. It follows that dE(1 ) = Det MI- 1 _+Det M1 ¢ 
+_ 1. However, this contradicts the fact that F(HE(G')) is of type K. For n--3, we 
have (Det M1)41Det M1, and therefore Det M~ -- + 1 -- Det ME. This shows that G' is 
finitely generated abelian. Thus, from Theorem 4.1, we have H = G'_= Z G Z e Z. 
Finally, we will consider the case of n= 1. From (4.1), we have F(HI(G'))= 
(al'talal =filial [A), where al-/~11 = _1 and axflll :/:0. 
Now, T(HI(G')) is a finite group [10]. Thus H1(G') splits as an abelian group 
[4], i.e., HI(G')=-F(HI(G'))O T(HI(G')). Therefore, by Lemma 3.5, we get as an 
abelian group 
H2(G') ® F v =- A 2 { (F(HI (O')) G T(HI (G'))) ® F v } 
= (/kE{Fp~(T(HI(G'))®Fp)} if (a l f l l l ,p )= l ,  
-- ~.AZ{T(HI(G'))(~Fp} if (al[311,p)#:l. 
On the other hand, from Lemma 4.8, the abelian group HE(G') must be cyclic of 
finite order relatively prime to al f l l l .  Thus we have 
~(np+ 1)(np+ 1 - 1)/2_< 1 if (t~l~ll,P)-- 1, 
rp(HE(G')) = (np(np - I ) /2  _< 0 if (al fill, P) ¢ 1, 
where np= %(T(HI(G'))). Hence, it follows that np_< 1 for all primes p. This shows 
that T{HI(G')) is a cyclic group of finite order 2. Moreover, 2 must be odd be- 
cause T(Hl(G')) is of type K as a A-module. Now, since q~lr and 027- are isomor- 
phisrns, it follows from [13, p. 44] that T(H) is isomorphic to T(HI(G')). Thus the 
proof is completed. 
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In the remainder of this section, we will prove that if H=Z~Za,  where 2 is 
odd, then G is isomorphic to one of the groups in (c). In this case, we may assume 
that a~>0 and B11=al+ 1. By using the arguments of pairing in [13], it can be 
shown that the action of t on the A-module T(HI(G')) must be the involution, i.e., 
ta2=-a2.Thus, if we replace al by v, from (3.2) and Proposition 2.1, we have 
G=(a l ,a2 , t . - -1  V+la2~t2 ' = = t alt=a 1 t-la2t=a2 j,[al,a2] 1 a2a), 
and 
(4.3) 
(4.4) H2(G') = (a12" tval2 = - (v  + 1)al2, Aal2 = 0IA),  
where al2 is a generator corresponding to al A a2. 
Moreover, from (4.2), we get 
F --~= (al : t-Ira1 = (v + 1)al I A).  (4.5) 
• o 
Let 2' be an integer such that 2 =2' .p~ I ...p~ (ij>_O) and (v(v+ 1),2') = 1, where 
pj are prime factors of v or v + 1, j = 1,..., k. Then it follows that 2'a12 = 0. (Other- 
wise, the order of A'a12 is not relatively prime to v(v + 1). This contradicts Lemma 
4.8.) Therefore the presentation (4.4) yields 
H2(G'  ) = (a12" tva12 = - (v  + 1)a12 , ~,'a12 = 0 A) .  
Since (v(v + l ) ,A')= 1, this presentation shows that the order of the abelian group 
HE(G') is exactly 2', i.e., H2(G')=Z~,. 
From Lemmas 4.3 and 4.5, there exists the A-epimorphism ¢~ of F*  onto HE(G'). 
Let ig(al)=qa12 , where 0___q<A' and (q,A')= 1. Then, we have 
t. ~(v(v + 1)al) = t. v(v + 1)qa12 = - (v  + 1)2qa12 . 
On the other hand, from (4.5), we get 
tgJ(v(v + 1)a 1) = ~(t. v(v + l)al) = ~(v2al) = v2qa12 . 
Hence we have (v2+(v+ 1)2)q- -0  rood 2'. Therefore, since (q,A')= 1, we obtain 
rE+ (v+ 1)2_--0 mod 2 '. 
(Note that this condition yields (v(v+ 1), 2 ' )= 1.) 
Now, 2v + 1 is relatively prime to A because pj ;f 2v + 1 ( j  ~ 1,..., k) and (2v + 1)2 = 
2(v2+(v+ 1)2) - 1 - -1  modA' (i.e., (2',2v+ 1)= 1). Therefore, there exists an 
integer/z such that (2v+ 1)/z-1 modA. Setting a[=ala~ 2 in (4.3), we obtain the 
presentation of G 
(a~,a2,t:t-la~Vt=a~ v+ l,t-la2t=a21, [a~, a2] = 1 =a2a). 
Thus, G is a group in (c). 
Remarks. (1) If G' is nonfinitely generated abelian, then we have v = 1. It follows 
that 5 -- 0 mod 2'. Therefore, g = g' = 1 or 5. Thus we obtain the theorem of [19] (cf. 
Section 5). 
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(2) Using Theorem 3.2, we can show that the groups in (c) are 3-knot groups. 
5. Three-knot groups with abelian commutator subgroups 
For each n, all finitely generated abelian groups that can occur as commutator 
subgroups of n-knot groups have been group-theoretically determined (see 
Theorems 3.6 and 4.1). In [19], the author proved that if the commutator subgroup 
of a 2-knot group is nonfinitely generated abelian, then it is isomorphic to Z[1/2] 
or Z[1/2]~Zs,  where Z[1/2] is the additive group of the dyadic rationals. For 
n = 3, Hausmann and Kervaire [6] showed that i f  the commutator subgroup of a 
3-knot group G is nonfinitely generated abelian and r(G') = 1 or 2, then the torsion- 
free part of G' is isomorphic to Z[1/2] or Z[1/2] ~ Z[I/21. More generally, we will 
prove the following: 
Theorem 5.1. Let A be a nonfinitely generated abelian group. 
(A) I f  r(A)= 1, then A is the commutator subgroup of  some 3-knot group if and 
only if A is isomorphic to Z[1/21 @) T, where T is a finite abelian group which 
satisfies the condition (2)in Theorem 3.6 and (3') Qr(3i):~ 1 for any i. 
(B) I f  r(A)= 2, then A is the commutator subgroup of  some 3-knot group if and 
only if A is isomorphic to Z[1/2] @Z[I/2] ~ T, where T is a finite abelian group 
which satisfies the conditions (2) and (3) in Theorem 3.6. 
Proof of (A). First, suppose that A x~ Z is a 3-knot group. Then, from [6], A is 
isomorphic to Z[1/2] @ T, where T= T(A), and T is a finite abelian group (cf. [19]). 
Since T is isomorphic to the commutator subgroup of some 3-knot group (Lemma 
3.3 or [19]), it follows that T satisfies (2) in Theorem 3.6. 
We will show that T satisfies (3'). We may assume that T is a 3-group. Let q be 
an integer such that 3qT=0. Let Vi=3iT/3i+lT (i=0, ...,q), A( t )=A(A®F 3) and 
A r(t)=A(T®F3). Then II/ (i= 0, ... , q) naturally have A-module structures in- 
duced by that of T. From [14], A(V/+ l ®F3) divides A(V/®F3), i=0, ... ,q -  1, and 
A(Vo®F3)=Ar(t). Hence we have 
A r(t) = hi(t) '" hq(t), 
where hi(t)=A(Vi_l®F3)/A(Vi®F3), i=l , . . . ,q .  Suppose that Qr(3~)=l for 
some k. Then, since deghk(t)=Qr(3k)= 1 and Ar(1)~:0, it follows that 
hg(t)=t+l i nA  3. 
Now, from [14, p. 272] and [6], we have 
A(t)=A(F(A)®F3). At(t) 
and A(F(A)®F3)=t -2  or 2 t -1 .  Hence we obtain 
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A( t )=( t+ 1) 2 1-I hi(t). 
i~k 
Therefore Aft)  and Aft - l )  have a common divisor (t+ 1) 2. This contradicts 
Theorem 3.1. Hence T satisfies the condition (3'). 
To prove the sufficiency, we will construct an automorphism • of A such that 
G =A x~ Z is a 3-knot group. Let ¢~r be the automorphism of T given in [6, p. 
118] and Tp the p-primary component of T. Now, we define an automorphism q~ 
of A as follows: 
~¢~r(x) for xETp,  p=2,3 ,  
• (x)= ~,2x for x~ Tp (p>_5) or Z[1/2]. 
Then, it follows from [6] that 
f ( t -  2)- h3(t)ah4(t)~h5(t) ~ if p -- 2, A(A®Fp)= (t-2).h2(t)ah3(t)~h4(t)Yhs(t) v if p=3,  (t-2)~ ( t -2 )  a if p>_5 
where h2(t) = t2 + t -1 ,  h3(t) = t3 - t + 1, h4(t) = t4 -  2t2 + t + 1 and h5(t) = t5 - t2 + l. 
Thus we can easily show that A(A ®Fp) is different from zero and p-asymmetric 
for every prime p by using [6] and the following: 
-t2hE(t -1 ) -  (t + 1)(t- 2) = 1, 
t3h3(t - l ) -  (t 2 + t + 2)(t -  2) = 5, 
t4h4(t - l )  - (t 3 + 3t 2 + 4t + 8)(t-  2) = 17, and 
t5h5(t -1 ) - (t 4 + 2t 3 + 3t 2 + 6t + 12)(t- 2) = 25. 
Hence, from Theorem 3.1, we complete the proof. (It is clear that G is finitely 
presented because it has a finitely presented base Z~ T.) 
Proof of (B). The necessity follows from Theorem 3.6 and [6] (cf. the proof of (A)). 
We will prove the sufficiency. We define an automorphism • of A as follows: 
Define tb on Z[1 /2]•Z[ I /2 ]  such that A( (Z[1 /2]O)Z[1 /2] )®Fp)=2t2-4t+ 1 for 
all p (see [6]). For the elements of T, define tb in the same way as in the proof of 
(A). Then we obtain 
~-(2t 2 -  4t + 1)-h3(t)ah4(t)?hs(t) y if p = 2, 
A(A®Fp)=~(2t2 -4t+ 1) (t+ 1)~h2(t)ah3(t)~h4(t)~hs(t) v if p=3,  
[._(2t2-4t+ 1) ( t -2)  a if p_5 ,  
where e=0 or 1. Moreover, since 2t2- -4t+ 1 = 1 in A 2 and 2t2- -4t+ 1 - -h2(t  ) in 
A 3, it follows that 
t 
~h3(t)ah4(t)#h5(t) r if p = 2, 
A(At~Fp)= (t+ 1)eh2(t)a+lh3(t)Ph4(t)Yhs(t) v if p=3,  
,(2t 2 -  4t + 1)(t- 2) a if p >_ 5. 
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Observing that 
-2 (2t  2 -  4t + 1) -  (2t 2 - 3t)(t -l - 2) = 1, 
we can show that A x~ Z is a 3-knot group in the same way as in the proof of (A). 
Remark. The group constructed above has an abelian base Z GZ~ T. Thus this 
completes the proof of the sufficiency for the case r(H)--2 in Theorem 3.7. 
Note added in proof 
Recently, J.A. Hillman has shown that the abelian group Z[1/2] O)Z 5 can not be 
the commutator subgroup of any 2-knot group ["On metabelian two-knot groups", 
Austral. National Univ., Math. Science Research Report 6 (1985)]. Using similar 
arguments, it may be proved that, in Remark (c) of Section 4, the case 2'~: 1 can 
not occur. 
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